






















Figure 6: Mercator-signature results for NO, RP, MD patients, left-ro-right respectively.
The maximum amplitudes of the normalized signature curves are, from left-to-right respec-
tively, 30.0, 22.3, 13.0. The signature plots are created via columnar summation of the
upper, 2-dimensional Mercator plots.

4.2 Radial-Fourier signature

A third signature involves taking the 2-dimensional FFT of the aforementioned nonlinear-
Mercator 2-dimensional signature.
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Figure 7: Radial-Fourier signatures for NO, RP, and MD patients, left-ro-right respectively.
TThe signature curves are created via columnar summation of the relevant 2-dimensional
power-spectrum plot. These are normalized signatures; the actual signature maxima are, for
NO, RP, MD respectively, 4340, 743, 3163; therefore the normal patient (left-most panel)
has the largest signature excursion.

4.3 Bessel signature

One reason to create a spline surface is to be able to invoke numerical integration algorithms
on discrete data sets.

An example runs as follows. A general expansion for splined unit-circle data—now we speak
of radial coordinates (r, φ) and a spline function S(r, φ)—is the Bessel expansion valid for
cases where S vanishes on the unit circle:

S(r, φ) =
∞∑

m=−∞

∞∑
k=1

smk Jm(rzmk)e
imφ.

Here, zmk denotes the k-th positive zero of the Bessel function Jm. Note that for real-valued
splines S, one may further avoid negative m by noting Jm = (−1)mJ−m and observing
cosφ, sinφ terms. In any case the formal inversion that yields the actaul coefficients snk is

snk =
1

π

1

(J ′n(znk))2

∫ 2π

0
dφ
∫ 1

0
r dr S(r, φ)Jn(rznk)e

−inφ.

The strategy, then, to provide a “signature” as a set of expansion coefficients (snk) for a
discrete data input set is
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• Create a spline S from the input data, making sure to use a “necklace” of zero-points
around the unit circle so that S itself vanishes or nearly so on the unit rim.

• Choose a cutoff parameter M such that coefficient snk indices will run over n ∈
[−M,M ], k ∈ [1,M ], say. (Again, converting to pure-real algebra can allow n to
be only in [0,M ]; however the complex arithmetic is more elegant and understandable
after all.)

• Perform numerical integration to obtain the M(2M + 1) = O(M2) coefficients snk.

• Check that the spline surface reconstructs well via the (now finite) Bessel sum.

• Report the signature of the original data as the set (|snk|2).

Note that the signature elements |snk|2 amount to a kind of power spectrum under Bessel
decomposition. In general, all rotates of some data set in the unit circle should exhibit
equivalent signatures, and this should be tested.

Figure 8: In the Bessel-signature strategy, splined retinal data in signature space (upper-
left view) is broken down into (2M + 1) Bessel functions. For M = 1 (upper-right view) the
Bessel functions add to a shape only vaguely reminiscent of the original spline. The sum of
the relevant 15 Bessel terms for M = 7 (lower-left view) is still yields insufficient resolution,
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but for M = 63, the sum of the 127 Bessel terms can be seen (lower-right view) to give
excellent agreement with the original spline. The whole strategy is based on the idea that
the coefficients in the Bessel superpositions are themselves the “Bessel signature” for the
given retina.

Figure 9: Bessel-signature results for NO, RP, and MD patients, left-ro-right respec-
tively. These signature are obtained by columnar summation of log |sjk| from the relevant
2-dimensional Bessel-coefficient matrix. Again these signatures are visually normalized, the
actual respective maxima being: 0.81, 0.23, 0.58.

4.4 Fractal signature

Our fourth proposed signature we call a “fractal signature,” although perhaps more accurate
would be “fluctuation signature.” The idea here actually arises in computer graphics; namely,
a lunar landscape, say, of dimension near 3 is jagged—i.e. attempting, if you will, to be space-
filling. On the other hand, a smoothly undulating lowlands, like an almost flat meadow, will
have dimension closer to 2.

So, our fractal measure uses the standard box-dimension counting from computational
physics, in order to assess the approximate fractal dimension of the spline surface.3

Referring to Figure 10, the plot has, for 3-dimensional boxes of side ε, a horizontal axis
log(1/ε), and a vertical axis #(ε), the latter being the number of ε-boxes that contain spline
points. (For this fractal measurement, we are using the spline on a 256×256 grid, so there

3Of course, fractal dimension is properly defined only for infinite sets with certain recursive properties.
In this sense, “fluctuation signature” is perhaps more appropriate; however, graphics modelers know that
the irregularities of “fractal mountain ranges” and so on are measured in such a way—and an analogy with
the Hill of Vision is evident.
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are 216 points that can occupy boxes.)

Figure 10: Fractal-signature results for NO, RP, and MD patients, left-to-right respectively.
Though these plots look very similar, the dimension ∆ varies in subtle ways, sometimes not by
much; however, there does appear to be a systematic trend over normal vs. diseased patients
(see our Discussion section). The actual dimensions, left-to-right, are: ∆ = 2.63, 2.58, 2.53.

5 Discussion

We give here the historical names of the actual data files used in our signature plots.

• Normal (NP), (j, s 124-439 2008.01.03 W187 Gi III OS shown as OD),

• Retinitis pigmentosa (RP), (ad.087.2007.11.13 W187 Gi III OD),

• Stargardt Macular Dystrophy (MD), (h, c 2009.04.27 Stargardt Dys W164 Gi III OS
shown as OD).

Though the present treatment is mainly to define the mathematical signatures, we already
can see—by inspecting the figures of the present treatment and a number of other signature
examples not shown—some qualitative trends that suggest the utility of said signatures.
Some immediate observations are:

• For the Mercator signature, normal (NO) eyes tend to give essentially linear-descending
ramps, while diseased eyes tend to have very different. See Figure 6.
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• For the Fourier signature, normal (NO) eyes tend to have exponentially decaying ap-
pearance, as do macular dystrophy (MD) eyes. However, the maximum amplitude for
MD is reduced. See Figure 7.

• For the Bessel signature, NO eyes typically exhibit a damped form, as do MD eyes;
yet again, the diseased case has smaller maximum amplitude. See Figure 9. Note
the interesting fact that a Bessel signature that is a pure spike (technically, a delta-
function at far left) would mean that the Hill of Vision is actually the zeroth-order
Bessel function aJ0(br) for some constants a, b. That this is never experimentally the
case leads to our discovery that in normal (NO) situations, a certain fluctuation in the
Hill of Vision is expected. See next item on this very phenomenon.

• For the fractal signature—see Figure 10—there is no visually obvious difference between
normal and diseased eyes. However, it is a striking fact that normal (NO) situations
tend to have highest fractal dimension ∆. It may even be the case that, subtle as ∆
turns out to be experimentally, the ∆ values are sorted by disease. If so, that would
turn out to be an important diagnostic measure. The interesting theoretical question
is: Does the normal retina develop spatial sensitivity fluctuation as an artifact, or as an
advantage? We are saying that, based on our evidence, the normal retina is nonsmooth
in a quantifiable sense.

Further research should involve classification schemes for deciding on which disease, or what
disease aspect, is at hand, based on combining of various signatures. For example, if the
fractal measure gives an imperfect sort of disease categories, there is always the possibility
of combining this with, say, Bessel or Mercator signature, to end up with what is sometimes
called in classification theory as a “voting scheme.”
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7 Appendix: VFMA application notes

VFMA, an application for Visual Field Modeling and Analysis, was developed by the authors
to serve as a platform for the design and testing of algorithms to generate 3-dimensional
models of the Hill of Vision for the entire field of vision of the human eye, as measured

17



clinically using static perimetry, and to develop tools for quantification and analysis of the
visual field for clinical diagnosis, characterization of the nature and extent of the field defects,
and for monitoring the natural history of field loss in health and disease. Creation of this
platform also enabled the development and evaluation of mathematical signatures based on
Radial Fourier, Bessel, and Fractal analyses of the surface of the Hill of Vision to further
characterize the field loss.

Threshold values from the perimeter are imported into the application and converted to
differential luminous sensitivity (DLS) values. The Main Window of the application has a
rectangular window spanning its width superiorly where the files of data for each eye are
displayed, along with the Title of the file, the test date, session, patient number, Eye, Mean
Sensitivity (total), Mean Sensitivity ≤ 30o, Mean Defect, MSV (Minimal Sensitivity Value),
OCV (Octopus Conversion Value), and Pupil Size. Selecting one or more of the test data
sets allows the operation of other functions that display the test points for the entire grid
(with the points equal size or scaled by sensitivity), the 3D model of the DLS values fit with
an infinitely differentiable elastic thin plate spline, the normal 3D model of the HOV for the
age of the subject, and the Defect Surface, which is the 3D model of the normal HOV from
which the patient’s data has been subtracted. Another menu allows display of the HOV by a
Mercator Projection map and signature graphs of the Mercator function and Radial Fourier
spectrum (by column and row), the Bessel function, and the Fractal analysis.

Other menus allow creation of selection templates for measuring the volume in decibel-
steradians (dB-steradians) of the entire HOV as assessed by the grid pattern and distribution,
selections based on circles of specific diameters (which can be moved eccentrically on the
nonlinear-Mercator polar projection to measure a circular representation of the HOV other
than centered on the pole), and for selections of scotomas that can be anywhere in the field
and different for each eye. All of these selection can be stored for future use for measurements
of other field data.
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Figure 11: Typical appearance of the Hill of Vision within the VFMA application.
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Figure 12: The VFMA application also allows “scribing” of specific areas of the Hill of
Vision either as remaining sensitivity or as a scotoma or defect within the Hill of Vision. In
this instance, a ”Defects” model was created by subtraction of the Hill of Vision for patient
MD from Figure 2 from the Hill of Vision of an age-adjusted normal subject. Outlining the
base of the inverted scotoma in this ”Defects” space allows the measurement of the volume
of the scotoma, which is reported as 12.03 dB-steradians.
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Figure 13: Typical appearance of a signature; here, a Bessel signature for a normal (NO)
patient.
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